We use the classical fields approximation to study a translational flow of the condensate with respect to the thermal cloud in a weakly interacting Bose gas confined in a three-dimensional box. We study both subcritical and supercritical relative velocity cases and analyze in detail a state of stationary flow which is reached in the dynamics. This state corresponds to the thermal equilibrium, which is characterized by the relative velocity of the condensate and the thermal cloud. We observe two processes-re-thermalization and drag, both of which lead to a reduction of a relative velocity of the superflow. Yet only the drag process, which is observed above the critical velocity v cr , results in transferring a Bose-Einstein condensate to a slower moving mode. In this case the relative velocity of the flow suddenly drops to a value close to zero. Finally, we report the critical velocity to be for our parameters v cr = 0.21c for the initial condition and v cr eq = 0.12c for re-thermalized superflow ͑c being the Landau speed of sound͒, which is strikingly lower than Landau critical velocity, yet consistent with experiments.
I. INTRODUCTION
The tendency of liquid helium-4 cooled below 2.19 K to flow without any apparent friction has been known for decades ͓1-3͔. This superfluid behavior is commonly associated with the phenomenon of a Bose-Einstein condensation ͓4͔. The connection has been mostly based on the similarities in the nature of both phenomena, as both are a large-scale manifestations of the quantum nature. However, the detailed theoretical investigation of superfluidity and condensation in liquid helium ͓5͔ is a great challenge, as it is a strongly interacting quantum system and cannot be effectively described with mean-field or perturbative approaches. The present-day understanding of superfluidity comes from the seminal paper of Landau ͓6͔. Experimental achievement of Bose-Einstein condensates in dilute trapped atomic gases ͓7-9͔ gives a unique possibility to study their superfluid properties under the condition of very weak interactions. It has opened an opportunity for revisiting the concept of superfluidity, as dilute atomic Bose gases are simpler to describe than liquid helium, with many successful implementations of mean-field theories. Even though the theory of superfluidity is very rich, this gives the novel possibility to address it quantitatively with adequate tools. In this context the issue of the atomic Bose-Einstein condensate under rotation has attracted great interest ͓10͔. It has been demonstrated experimentally that a Bose-Einstein condensate ͑BEC͒ circulates around quantized vortex lines. In experiments with gaseous BECs the existence of these vortices and the properties of scissor modes ͓11-15͔ are considered the main manifestations of superfluidity. On the other hand, little is known about superfluidity in a translational motion of the atomic condensate ͓16-21͔. Dissipationless movement of an external impurity has been studied both theoretically and experimentally ͓22,23͔. Still, the properties of a frictionless nonrotating flow of the condensate with respect to the thermal cloud have been mostly unexplored. Un-til now, there have been no experiments that would illustrate such a flow. However, recent advances in obtaining a BEC in ring-shaped traps ͓24͔ could provide a possibility to address this issue experimentally.
The purpose of this paper is to analyze the dynamics of a superflow between a BEC and thermal cloud in a weakly interacting Bose gas using the classical fields approximation. The classical fields approximation is the nonperturbative mean-field model of a Bose-Einstein condensate at finite temperatures. It turned out to be very successful in describing dynamical and thermodynamic properties of atomic condensates and their excitation spectra ͓25-30͔. It allows a description of the condensate and a thermal cloud treating both components on equal footing without any arbitrary splitting of the system into two parts.
In Sec. II we briefly describe the classical fields approximation. For ease of calculations we restrict ourselves to a simplified geometry of a three-dimensional ͑3D͒ box with periodic boundary conditions. We prepare initial states which will allow us to study the relative motion of the condensate and the thermal cloud. These states will reflect the nonequilibrium situation that arises from applying a momentum kick to the condensate. In order to take into account possible experimental difficulties in targeting selectively the condensate mode, we also analyze a situation of pushing the condensate along with some thermal atoms.
In Sec. III we present numerical results. In this paper we are extracting the basic properties of the superfluid flow in direct numerical simulation of the dynamics. For initial relative velocities below the critical velocity v cr = 0.21c ͑for our parameters͒ the flow is frictionless and the system reaches a superfluid thermal equilibrium. In a re-thermalization process we observe a depletion of the condensate that leads to a reduction of a relative velocity between the BEC and thermal cloud, so that the highest observed stationary superflow has velocity v cr eq = 0.12c. We analyze in detail excitation spectra of a resulting superfluid system and observe the equipartition of energies in quasiparticle modes, which has been previously found in the case of a stationary BEC ͓25,30͔. Above the critical velocity the condensate experiences a drag and slows down, which is manifested by transferring the condensate population into a different mode. In this case the motion between the BEC and the thermal cloud is almost completely suppressed, instead of just being reduced to a value slightly below the critical velocity. In Sec. IV we conclude.
II. METHOD
We consider a weakly interacting Bose gas consisting of N atoms confined in a 3D box potential with periodic boundary conditions. The atoms interact via a contact potential V͑r − rЈ͒ = ͑4ប 2 a / m͒␦ ͑3͒ ͑r − rЈ͒, where a is the s-wave scattering length. They can be described by the second-quantized Hamiltonian
where L is the size of the box, m is the mass of an atom, and ⌿ is a Bosonic field operator satisfying the equal-time
We expand the field operator in the basis of plane waves: ⌿ = ͑1/ ͱ L 3 ͚͒ k e 2ikr/L â k ͑t͒, where annihilation operators â k destroy particles in mode k and satisfy a commutation relation ͓â k , â k Ј † ͔ = ␦ k,k Ј . Now we apply the classical fields approximation ͓27-29,31,32͔. For all modes that are occupied by a sufficiently large number of atoms we substitute annihilation operators with c numbers: â k → ͱ N␣ k . After neglecting all remaining operator terms we obtain a set of equations
where g = aN / L is the interaction strength and ⑀ =4 2 ប 2 / mL 2 is our unit of energy ͑the corresponding unit of time is ប / ⑀͒. We choose wave vectors of "classical" modes ␣ k to span a momentum grid of size 32ϫ 16ϫ 16 ͑32 modes along the direction of the relative motion͒. They compose the normalized mean-field wave function = ͑1/ ͱ L 3 ͚͒ k e 2ikr/L ␣ k ͑t͒.
Transforming Eq. ͑2.3͒ into a standard Gross-Pitaevskii ͑GP͒ equation on a spatial grid would require us to identify the momentum k max + 1 with −k max ͑k max is the maximum momentum on the grid͒. Such a situation naturally occurs in crystals due to periodicity of the lattice and in many cases it is a convenient approximation which allows for the use of an efficient split-operator fast Fourier transform method. Usu-ally, it does not affect the system, as populations of border modes are small. It introduces, however, umklapp processes which are physical only in a periodic lattice and result in a nonconservation of the momentum of the system. As we have learned, umklapp processes occurring along the direction of a superflow disturb the dynamics of the system, whereas for other directions they do not affect the results. We take care to eliminate those disturbing collisions by avoiding the last simplification along the axis of a superflow ͑this corresponds to imposing a projection operator on in the GP equation along this axis ͓30͔͒.
The wave function represents here both the condensate and the thermal cloud, contrary to the typical interpretation of the GP equation where is just the condensate wave function. A measurement which introduces a coarse graining is essential for distinguishing between these two fractions. Populations of various modes can be extracted from diagonalization of the time-averaged density matrix ͓28,33͔ and the dominant eigenvalue represents the condensed fraction. The time averaging destroys the coherence between the modes and leads to a mixed state out of a pure state ͉͉͗͘. The wave function ͑t͒ can be interpreted as a single experimental realization of the evolving system.
To obtain a stationary solution corresponding to nonzero temperature we start with the ground-state wave function and randomize its phase. The system evolves towards a thermal equilibrium, which depends only on the total energy per particle E, the interaction strength g, and the length of the box L ͓28͔. The condensate appears in the zero momentum mode and atoms in the remaining modes compose a thermal cloud. As it turns out, there exists yet another control parameternamely the relative velocity between the condensate and the thermal cloud. The dependence of the resulting state on the interaction strength g = aN / L instead of a and N separately results in an ambiguity. In order to assign the temperature T to our system we use a scheme developed in Ref. ͓31͔ ; we identify the temperature with that of the ideal gas with the same condensate fraction.
In the considered case of the box potential eigenmodes of the stationary single-particle density matrix can be only composed of modes with the same ͉k͉, due to symmetry constraints. Plane waves set a natural basis for atomic modes ␣ k . They can be transformed into Bogoliubov quasiparticles ␦ k which evolve with a single dominant frequency and are normal modes of the system ͓25͔. For high momenta, when the kinetic energy is much larger than the interaction energy, they become indistinguishable from atomic modes.
In a stationary case the central energies of quasiparticles are given by ͓25͔
͑2.4͒
where ͑k͒ = ͑k 2 /2͒ + gn c and n c is the condensate fraction.
is the frequency of the condensate mode and has an interpretation of the chemical potential. Similarly to the case of He-II they have a phononlike spectrum at low momenta ͑see Fig. 5 in Ref. ͓25͔͒, and the speed of sound is given by c = ͑2ប / mL͒ ͱ gn c . In the classical fields approximation quasiparticles obey the equipartition of energies ͓25͔, suggesting that the system is in a thermal equilibrium and not just in a steady state. Note, however, that the condensate itself is not populated according to the equipartition. For parameters considered in our paper the Bose statistics leads to the equipartition for the considered Bogoliubov quasiparticles, suggesting that thermodynamics should be studied in quasiparticle and not atomic modes.
III. NUMERICAL RESULTS
Solutions discussed above represent the situation in which the condensate does not move with respect to the thermal cloud. In order to study a relative flow we need to put the condensate in motion. We do this by transferring the condensate population into a mode which is moving with respect to the thermal cloud. Please note that in this way we drive the system out of thermal equilibrium. In order to account for experimental difficulty in applying a momentum kick to the condensate alone ͑especially in ring-shaped traps, where natural basis differs from plane waves͒ we study also a situation in which thermal atoms in low-lying modes are pushed along with the condensate.
In our simulations we take stationary solutions for approximately 350 000 atoms and the scattering length of 5.5 nm, confined in a box of length 8 m, with the condensate population of 73% and the temperature of 590 nK. We believe that this is a suitable model for an experiment with horizontal homogeneously filled ring traps. We apply the procedure described above, controlling the initial relative velocity v of the two fractions.
A. Subcritical velocity
First, let us consider the case of a subcritical relative motion. For our parameters the critical velocity obtained numerically is v cr ini = 0.21c, which is the maximum initial velocity between the condensate and the thermal cloud for which there is still no friction acting on the condensate ͑we use c = ͑2ប / mL͒ ͱ gn c ini throughout the rest of the paper͒. This result is strikingly lower than the Landau critical velocity c, yet it is consistent with experiments ͓34͔. There exists a transient period in which the system re-thermalizes. During this time the condensate experiences a temporary distortion of its shape. This is visible as a temporary depopulation of the initial momentum mode of the condensate ͓Fig. 1͑a͔͒, as the condensate smears coherently on multiple momentum modes. Please note that one should not identify the depopulated momentum mode with the condensate during the transient time because the plane waves are not a suitable representation for modes in the system outside the equilibrium. In order to obtain the proper condensate population and wave function during the transient, one would need to diagonalize the coarse-grained single-particle density matrix, which is beyond the scope of this paper.
As an outcome of the transient time the condensate becomes slightly depleted but the resulting momenta of the condensed atoms remain unchanged. This results in a decrease of the relative velocity between the two fractions, as depleted atoms have the condensate velocity instead of a velocity of the thermal cloud. This process should not be interpreted as a friction. After re-thermalization the highest observed equilibrium superflow had the relative velocity between the condensate and the thermal cloud v cr eq = 0.12c. The equilibrium condensate population varies between 0.49 and 0.58 and it depends on how we push the condensate. Applying momentum kick to both the condensate and to the low excited thermal modes ͑phonon modes͒ reduces the rethermalization time and increases the equilibrium condensate fraction ͓Fig. 1͑b͔͒. It has, however, only a little effect on the resulting relative velocity, which depends on the initial relative velocity mostly. Such a weak dependence of equilibrium dynamics on how we excite the system makes it easier to prepare an experiment with a stable flow of the two fractions, FIG. 1. ͑a͒ Fraction of the condensate versus time in the subcritical regime with the initial relative velocity v = 0.16c. The initial states were prepared by pushing the condensate selectively ͑without phonon modes͒. We notice pulling of Bogoliubov quasiparticles by the condensate during the re-thermalization period which manifests in a temporary smearing of the condensate mode on the surrounding modes. The equilibrium condensate fraction is 0.49 and the equilibrium relative velocity between the condensate and the thermal cloud equals v eq = 0.08c. This corresponds to the relative velocity between the superfluid and normal fractions of v sf−n = 0.11c ͑the superfluid fraction is 0.64 after re-thermalization͒. ͑b͒ In this case the condensate has been pushed along with surrounding thermal modes ͑within a shell of k Յ 5͒ with the initial relative velocity v = 0.21c. The re-thermalized condensate fraction is n c eq = 0.58 ͑that corresponds to superfluid fraction n sf = 0.71͒ and the equilibrium relative velocity between the condensate and the thermal cloud is v eq = 0.12c ͑v sf−n = 0.18c between the superfluid and normal fractions͒. In this case there is no distortion of the condensate shape, which is stabilized by phonons that were initially pushed with the condensate. Please note that the equilibrium speed of sound is also reduced due to the depletion of the condensate so that the presented equilibrium relative velocities between the condensate and the thermal cloud correspond to 10% of the equilibrium speed of sound in ͑a͒ and 14% in ͑b͒.
as the condensate does not need to be targeted very selectively with the momentum kick. Now we analyze the properties of the stationary superflow. We observe the shifted energy spectrum for quasiparticle excitations ͑Fig. 2͒. As expected, it can be well described by the tilted Bogoliubov-Popov formula:
where k c represents the momentum of the condensate mode. Note that numerically obtained spectra of quasiparticles have finite width, which can be interpreted as their finite lifetime ͓25͔. Relative energies of quasiparticles moving faster than the condensate are shifted upwards, and moving slower than the condensate are shifted downwards with respect to the stationary state, due to the Doppler-like shift. This shift, however, is not absolute and it will be different if we observe the system from another reference frame, due to the Galilean transformation of the momentum k c ͑note that k − k c is independent of the reference frame͒. This is because in the case of a weakly interacting BEC the energy spectrum depends on atomic populations and also because there exists a mode which is distinguished in the system ͑the condensate͒. This is contrary to the energy spectrum of a classical gas, which does not change its shape upon Galilean transformation ͓͑ប 2 k 2 2m͒ → ͑ប 2 kЈ 2 /2m͔͒.
We also analyze the distribution of populations of atomic modes. For a classical gas in a thermal equilibrium one would observe equilibrium statistics in a reference frame in which the total momentum of the system is zero. This natural reference frame is distinguished and it can be easily specified by the total momentum. The same situation occurs in a case of a weakly interacting BEC without any flow, where the equipartition of quasiparticle energies is observed in this frame. Our numerical results reveal such equipartition also in the case of a superflow. Populations of quasiparticle modes n ␦ k = ␦ k * ␦ k and energies ⑀ k observed in a certain reference frame fulfill the formula n ␦ k ͑⑀ k − ͒ = k B T ͓see Fig. 3͑a͔͒ , which shows that the system undergoing a superfluid flow is in a thermal equilibrium. The distinguished reference frame can be found from numerical data. It does not correspond to any "natural" frames-the center-of-mass frame, the condensate frame, or the frame of the thermal cloud ͑all of them being the same for a classical gas͒, however. The equilibrium is determined by the condensate fraction and momentum, or the relative velocity of a superflow instead, in addition to the total momentum of the system ͓39͔. This means that Galilean symmetry is broken. This symmetry breaking occurs due to the fact that the energy spectrum depends strongly on the condensate fraction. The manifestation of superfluidity in our model is the existence of many thermal equilibria, all varying in the relative velocity between the condensate and the thermal cloud. Such a velocity is an additional control parameter along with the size of the box, the number of atoms, the total energy, and the total momentum. In the equilibrium situation we can calculate the populations of superfluid and normal fractions. The population of normal fraction can be expressed as a sum over quasiparticle excitations ͑n n = ͚ k k c n ␦ k ͒, which are the observed excita-FIG. 2. The energy spectrum of quasiparticle excitations in a direction along the momentum kick with the condensate in k c =2 mode versus the relative momenta with respect to the condensate. Note that the difference in momenta of two modes is independent of the reference frame. Dots depict a fit with a tilted Bogoliubov-Popov formula and stars represent numerical results for the equilibrium condensate fraction n c = 0.53 and v eq = 0.1c. Spectra taken in different directions experience smaller tilting according to the term ⑀͑k − k c ͒k c .   FIG. 3 . Energies localized in quasiparticle modes ͑a͒ and atomic modes ͑b͒ versus their momenta for the equilibrium superflow ͑parameters as in Fig. 2͒ . The equipartition of energies can be observed in the case of quasiparticles ͑a͒, but not in the case of atomic populations n k = ␣ k * ␣ k ͑b͒. Squares in ͑b͒ are analytical predictions for energies in atomic modes based on inverse Bogoliubov transform from quasiparticle modes ͑which obey the equipartition͒, while diamonds are numerical results. The difference between analytical and numerical results comes from neglecting the finite width of the quasiparticle spectra in our analytical calculations. For phonon modes, where quasiparticles differ significantly from atoms, their populations are smaller than relative atomic populations. tions in the system and can be measured experimentally ͓35-37͔. The superfluid fraction can be defined as n sf =1 − n n . It has the same velocity, yet bigger population than the condensate, as it contains also a part of a thermal cloud "glued to the condensate" by the interactions. We calculate the relative velocity between the superfluid and the normal fraction v sf−n . This velocity is always greater than the relative velocity between the condensate and the thermal cloud. In the equilibrium case close to the critical velocity ͑v cr eq = 0.12c observed between the condensate and the thermal cloud͒ the relative velocity between the superfluid and the normal fraction is v cr sf−n = 0.18c. The superfluid fraction is then n sf = 0.71 compared to n c eq = 0.58 for the equilibrium condensate fraction.
B. Supercritical velocity
For the relative velocities above the critical velocity the condensate experiences a drag and slows down. It becomes depleted from the initially occupied mode to finally reappear in a different mode ͑Fig. 4͒. The drag manifests itself in changing the velocity of condensed atoms, which does not occur in a subcritical regime. This is an important difference between this process and the re-thermalization, where the condensate experienced temporary fluctuations of its size resulting in a slight depletion only. The transient time during which the system reaches thermal equilibrium is also longer than in a subcritical regime. For our parameters it is of the order of 5 ms and it depends mostly on the realization of the system rather than on the initial relative velocity between the condensate and the thermal cloud.
It turns out that the equilibrium relative velocity between the condensate and the thermal cloud is close to zero. The nonzero value of this velocity ͑it can be both slightly positive as well as slightly negative͒ seems to be an effect of the momentum quantization only due to the finite size of the box. This is the most striking result of this paper. It is in contrast to an intuitive expectation that the condensate should slow down only to slightly below the critical velocity. Yet, we propose a simple explanation to this phenomenon. An essential process governing friction is the exchange of atoms between the condensate and the thermal cloud. In order to transfer the condensate population to a slower moving mode the condensate needs to be depleted from the initially occupied mode. As in the equilibrium case the critical velocity is related to the condensate fraction, one can expect it to drop for a while during such a transfer. This would result in a friction that should pull the condensate almost to a halt, as observed within our numerical method. This explanation is of course of phenomenological nature as the system evolves through highly nonequilibrium states during the transient time. Still, the presented numerical method is well suited for treating dynamics of such nonequilibrium states.
Similar to the subcritical regime, applying momentum kick to the condensate along with some phonon modes does not affect the equilibrium relative velocity nor the mode in which the condensate will reappear. It will influence the equilibrium condensate fraction only ͑Fig. 5͒. It is important to note that for a wide range of velocities above the critical velocity the condensate is not destroyed but reappears after re-thermalization. Of course for very high velocities the friction should deplete the condensate population completely, as the kinetic energy released in the process will drive the system above the critical temperature.
C. Equilibrium superflow-variational hypothesis
In addition to the scheme presented above we can also try to prepare an initial condition which represents an equilibrium superflow from the very beginning. For a given condensate fraction n c and a relative velocity between the condensate and the thermal cloud v we set populations of atomic modes according to the observed equipartition of quasiparticles. The remaining problem is to set proper phases for each atomic mode. We apply the Monte Carlo procedure to set these phases so that we obtain the desired value for the interaction energy of the system. We evolve such a wave function in order to check whether it represents the thermal equilibrium. The results are presented in Figs. 6 and 7. We were unable to eliminate transient completely, yet the equilibrium condensate fraction and relative velocity approached the de- FIG. 4 . Population of the condensate versus time for the supercritical flow with the initial relative velocity of the condensate and the thermal cloud v = 0.60c ͑a͒ and v = 1.00c ͑b͒. The mode initially occupied by the condensate becomes depleted due to a friction with the thermal cloud ͑I͒ and the condensate reappears in a slower moving mode ͑II͒. In ͑a͒ the condensate slips to a neighboring momentum mode ͉͑⌬k c ͉ =1͒, whereas in ͑b͒ the condensate is transferred directly by ͉⌬k c ͉ = 2. In both cases the resulting relative velocity between the condensate and the thermal cloud is close to zero, and only the momentum quantization resulting from a finite length of the system accounts for a small nonzero value ͓v eq = 0.04c in ͑a͒ and v eq = −0.02c in ͑b͔͒. The equilibrium condensate fractions are n c eq = 0.50 in ͑a͒ and n c eq = 0.43 in ͑b͒.
sired values as we reduced the interaction energy. This leads us to a hypothesis that for a weakly interacting BEC the superfluid equilibrium state is such that it minimizes the interaction energy of the system. An important observation is that using this method we were able to generate states with v = 0.27c, which is beyond the maximum value for the relative velocity of an equilibrium superflow ͑v cr eq = 0.12c͒. All of these states should represent thermal equilibria in a simplified case in which quasiparticles have sharply defined energies ͑analytical calculations supporting these findings will be presented elsewhere ͓38͔͒. Yet only in the subcritical regime was the superflow stable ͑Fig. 6͒. For higher velocities the system shows instability and the condensate is slowly pulled from its initial momentum mode. We believe that it is the finite lifetime of quasiparticle excitations which is responsible for this behavior and for the observed value of the critical velocity.
IV. OUTLOOK AND CONCLUSIONS
We have presented a method to measure a relative flow of the BEC and the thermal cloud in a direct numerical simulation of dynamics. We consider the case of nonequilibrium initial flows to account for a disturbance induced when preparing such states in a laboratory ͑i.e., by applying an optical kick to the condensate͒. We have observed two processes-re-thermalization and drag, the second occurring only for supercritical velocities. During the re-thermalization the condensate exhibits temporary fluctuations of its shape. This leads to a partial depletion of the condensate population and a reduction of the relative velocity of the flow, but it does not change the velocity of the remaining condensate. We obtain the critical velocity for initially nonequilibrium superflows to be for our parameters v cr ini = 0.21c. Subcritical flows rethermalize to flows with relative velocities below v cr eq = 0.12c, which is the critical velocity for an equilibrium superflow. This critical velocity corresponds to the relative velocity between the superfluid and normal fractions of v cr sf−n = 0.18c and it is strikingly lower than Landau critical velocity. Yet these results are in agreement with related experiments ͓34͔, which also show the critical velocity to be only a fraction of Landau critical velocity ͑0.1-0.25c͒. The dependence of the critical velocity and the dynamics on the length of the box or interaction gN is of interest and it will be a subject of future investigation.
The drag observed above the critical velocity manifests itself in changing the velocity of condensed atoms by transferring them to a different mode. We present the results for the equilibrium relative velocity resulting from the initially supercritical flow. Surprisingly, this velocity is almost zero, with a momentum quantization ͑due to a finite size of the box͒ responsible for a small nonzero value. Still, it is very interesting to analyze the coherence in the supercritical system exhibiting friction, in order to find out to what extent this is a collective phenomenon.
An important observation is that thermal atoms should not be regarded as impurities in the system. They have a distri- FIG. 5 . Condensate population in a supercritical case of v = 0.55c in a case of applying a momentum kick to the condensate alone ͑a͒ or the condensate with some thermal atoms ͑b͒. In both cases the condensate population ͑I͒ is transferred to a slower moving mode ͑II͒ ͉͑⌬k c ͉ =1͒ and the resulting relative velocity between the condensate and the thermal cloud is v eq = 0.01c. The resulting condensate fraction is n c eq = 0.47 ͑a͒ and n c eq = 0.55 ͑b͒.
FIG. 6. Condensate population versus time for the constructed initial states which should correspond to an equilibrium superflow with n c = 0.76 and v = 0.12c. Atomic populations are set according to the equipartition of energies in quasiparticle modes observed in a reference frame in which the condensate mode has the momentum 3.5͑2ប / L͒. The phases of momentum modes have been chosen to obtain the desired value of the interaction energy E int : E int =53⑀ for the bottom curve, E int =47⑀ for the one in the middle, and E int =42⑀ for the top one ͑none of these cases represents the minimum of E int ͒. The constructed states do not represent thermal equilibrium and thus they experience thermalization. The resulting equilibrium condensate populations and the relative velocities between the condensate and the thermal cloud are n c eq = 0.57 and v eq = 0.07c ͑bot-tom͒, n c eq = 0.68 and v eq = 0.10c ͑middle͒, and n c eq = 0.73 v eq = 0.11c ͑top͒. Please note that the equilibrium properties of these states approach the desired values as we minimize the interaction energy. bution of momenta and therefore they cannot be characterized by a mean velocity of the thermal cloud alone. Instead, one should consider thermal atoms to be a part of the whole atomic system. The transfer between the two fractions plays an essential role in determining the dynamics of the system and the value of the critical velocity, since it depends on atomic populations.
We have also analyzed the equilibrium properties of the superfluid system. We have observed the equipartition of energies in quasiparticle modes and found that the relative velocity of the superflow is an additional control parameter characterizing the thermal equilibrium. Our results suggest the hypothesis that the equilibrium state of an interacting system minimizes the interaction energy for a given equilibrium distribution of populations. They also indicate that a decay of quasiparticles ͑associated with a finite width of their energy spectra͒ results in lowering the value of the critical velocity. The observed temperature-dependent Bogoliubov-Popov spectrum together with our approach to superfluidity can form a basis for equilibrium statistical physics of weakly interacting Bose gas at nonzero temperatures. Such a study will be presented elsewhere ͓38͔.
We believe that the model presented here is a suitable description for the weakly interacting BECs at almost all temperatures below the critical temperature. In this model we did not consider quantum fluctuations, which result in the Casimir-like drag force. This force, however, acts on a condensate due to nonuniform external boundary conditions and should not appear in the discussed case of a relative flow of the condensate and the thermal cloud.
The presented method may be applied to any external potential ͑i.e., harmonic or ring shaped͒. We use the 3D box with periodic boundary conditions to extract the essential properties without an additional difficulty associated with a complicated shape of eigenmodes in those potentials. Still, we believe that these results should be applicable to homogeneously filled ring-shaped traps ͓24͔, which are currently gaining experimental attention. FIG. 7 . Population of the initial condensate mode versus time for the constructed initial states which should correspond to stationary superflows with n c = 0.76 and v = 0.27c ͑a͒, v = 0.19c ͑b͒, and v = 0.16c ͑c͒. Please note that these initial velocities are higher than the critical velocity for equilibrium superflows v cr eq . In this case the prepared states are unstable and after re-thermalization the condensate becomes slowly depleted, instead of settling close to the assumed population. This depletion can be compared to the friction observed when the condensate was pushed with a supercritical velocity but it occurs on a much slower time scale, however.
